Transient three-dimensional numerical computations are implemented to clarify the natural convective heat transfer characteristics of the Rayleigh-Benard convection of Al2O3-water nanofluids induced in a shallow vertical cylindrical enclosure. The thermophysical properties of nanofluids, assumed to be a single-phase fluid in the numerical computations, are estimated using the experimental correlation equations reported by Khanafer and Vafai (2011) . When the average Nusselt numbers of nanofluids are plotted against the Rayleigh number defined by the thermophysical properties of water, computations for four different volume fractions of nanoparticles were below the average Nusselt number curve experimentally reported by Silveston (1958) . The diagram also reveals that the increase of nanoparticles in the base fluid delays the generation of Rayleigh-Benard convection. However, the average Nusselt numbers of nanofluids almost agreed with the average Nusselt numbers of Silveston without depending on the volume fraction of nanoparticles when plotted against the Rayleigh number defined by the thermophysical properties of nanofluids. Thus, the natural convection heat transfer rates of Al2O3-water nanofluids can be considered to be similar to the general fluids reported by Silveston as long as experimental thermophysical properties are employed. 
Introduction
proposed that an innovative new class of heat transfer fluids could be engineered by suspending metallic nanoparticles in conventional heat transfer fluids. They named the resulting suspensions nanofluids, which were expected to exhibit high thermal conductivities compared to those of currently used heat transfer fluids. Recently, Choi (2009) focused on the latest advances in research of these nanotechnology-based heat transfer fluids, and pointed to future directions in nanofluid research through which the vision of nanofluids could be realized.
Many numerical studies have been carried out to clarify the heat transfer characteristics of nanofluids as innovative heat transfer fluids by considering various model systems, such as a simple square cavity subjected to time-dependent temperature boundary conditions (Wang et al., 2014) , a two-dimensional square enclosure (H (height)×L (width)) with a vertical heat source (0.4H×0.1L) mounted on the central part of the bottom of the enclosure (Mahmoudi and Abu-Nada, 2013) , a cold outer circular enclosure containing a hot inner sinusoidal circular cylinder (Sheikholeslami et al., 2012) , a partially heated horizontal microchannel , a triangular enclosure with two identical heat sources on the horizontal and diagonal walls (Mahmoudi et al., 2012) , and a horizontal cylinder heated from one end and cooled from the other (Meng and Li, 2015) . Recently, Haddad et al. (2012a) conducted a comprehensive review of research progress on the natural convective heat transfer characteristics of nanofluids in various types of enclosures for both experimental and theoretical studies.
The Rayleigh-Benard problem, which refers to convection heated from below that is not affected by surface tension gradients (Koschmieder, 1993) , is a basic heat transfer problem, and a classical problem in the heat transfer field. Li and Peterson (2010) performed an experimental investigation of natural convection heat transfer of 47-nm Al 2O3-water nanofluids at various volumetric fractions by forming a shallow space with an inner diameter of 20.4 mm and an o-ring 2.5-mm high. They observed a deterioration in the Nusselt numbers with the natural convection of nanofluids in the system heated from below and cooled from above, with increases in volume fraction of the nanoparticles in the nanofluids compared to the Nusselt numbers of pure water. Furthermore, they showed the differences in temperature change of the heated surface between pure water and nanofluids. Although the heating surface temperatures were originally the same, the temperature of nanofluids was larger with the increase of volume fraction compared to pure water.
Abu-Nada (2011) and Haddad et al. (2012b) numerically investigated heat transfer enhancement of Rayleigh-Benard convection using CuO-water nanofluids by two-dimensional (2-D) numerical computations. The model system considered was a parallel flat plate with aspect ratio (= width / height) of 2, with a periodicity boundary condition on the right and left sides. They focused on the effects of temperature-dependent thermal conductivity of nanofluids, temperature-dependent viscosity of nanofluids, Brownian motion, and thermophoresis on heat transfer enhancement. Ho et al. (2014) reported the Rayleigh-Benard convection of Al 2O3/water nanofluids inside a 2-D enclosure with an aspect ratio of 1, considering the sedimentation, thermophoresis, and Brownian motion. They revealed that differences between isotherms of nanofluid and base fluid increased with an increase in volume fraction of alumina nanoparticles, and that the difference between the maximum and minimum concentration values increased with an increase in the Rayleigh number. Ternik et al. (2013) showed that adding Au nanoparticles to water delays the onset of convection, and that use of nanofluids can reduce the heat transfer by computing the steady laminar natural convection of water-based Au nanofluids in a 2-D square enclosure with differentially heated horizontal walls and with a higher temperature bottom wall. Elhajjar et al. (2010) also reported numerical results for natural convections of water-based Al2O3, CuO, and Cu nanofluids inside a horizontal cell heated from below. They reached almost the same conclusions as Ternik et al. (2013) .
Estimation of the thermophysical properties of nanofluids consisting of nanoparticles and a base fluid is very important for accurate numerical and experimental examination of the heat transfer characteristics of nanofluids. For Akamatsu, Izawa, Kawamura, Iwamoto and Ozoe, Journal of Thermal Science and Technology, Vol.12, No.2 (2017) instance, Abu-Nada (2011) and Haddad et al. (2012b) used the effective thermal conductivity of the nanofluid calculated by the Chon et al. model (2005) , and the correlation for the effective dynamic viscosity of CuO-Water nanofluid derived from the experimental data of Nguyen et al. (2007) . In Ternik et al. (2013) and Elhajjar et al. (2010) , the effective density, effective specific heat capacity, and effective volumetric thermal expansion coefficient were calculated from nanoparticles and base fluid properties, whereas the effective thermal conductivity and effective viscosity of nanofluids were calculated by the Hamilton and Crosser model (Hamilton and Crosser, 1962) and Brinkman model (Brinkman, 1952) , respectively.
Recently, Khanafer and Vafai (2011) synthesized and developed correlations for the thermophysical properties of Al2O3-water nanofluids in terms of pertinent physical parameters based on reported experimental data. Akamatsu et al. (2016) estimated the thermophysical properties of nanofluids by either the experimental correlation equations reported by Khanafer and Vafai (2011) or conventional prediction equations like the Hamilton and Crosser model (Hamilton and Crosser, 1962) and Brinkman model (Brinkman, 1952) to clarify the heat transfer characteristics of the natural convection of Al2O3-water nanofluids in a vertical cylindrical container heated from below with an aspect ratio of 1 by transient 3-D numerical computations. When the thermophysical properties estimated by the experimental correlation equations were applied, the convective heat transfer rates of Al2O3-water nanofluid natural convection decreased with the increase of the volume fraction of the nanoparticles. The decrease of the convective heat transfer rates agreed qualitatively with the experimental results reported by Li and Peterson (2010) . However, when thermophysical properties estimated by conventional prediction equations were applied, the reverse trend was computed. Therefore, Akamatsu et al. (2016) asserted the use of the experimental correlation equations for estimating the effective thermal conductivity and viscosity, in order to compute at least accurately the natural convective heat transfer characteristics of nanofluids. Silveston (1958) conducted experiments to clarify the heat transfer rate for the Rayleigh-Benard convection of various fluids generated in a 0.198-m diameter circular layer of variable depths of 0.00145-0.013 m. These heat transfer experiments for various fluids manifested the relationship of the average Nusselt number curve vs. the Rayleigh number, and its convection represents a fundamental process for natural convective heat transfer in fluids.
As shown above, the nanofluids convection was originally proposed to enhance the heat transfer rates, but some reports even the decreasing effect of nanoparticles. It is the motivation of this report to clarify these discrepancies.
To the best of our knowledge, there appears to be no previous studies to have investigated the transient 3-D numerical computation of the heat transfer characteristics of the Rayleigh-Benard convection of nanofluids induced in a shallow fluid layer. In our previous numerical investigation (Akamatsu et al., 2016) , a vertical cylindrical enclosure with an aspect ratio of unity was studied as a model system. The present transient 3-D numerical computations adopted a shallow vertical cylindrical enclosure with an aspect ratio of 10 as a model system. The main purpose of the present numerical computations is to clarify the heat transfer characteristics of the Rayleigh-Benard convection of Al 2O3-water nanofluids using the thermo-physical properties estimated by the experimental correlation equations developed by Khanafer and Vafai (2011) , and to compare with the average Nusselt number curve reported by Silveston (1958) .
Governing equations and numerical methods
The convective heat transfer of nanofluids can generally be modeled by using the single-phase or two-phase model (Haddad et al., 2012a) . In our previous numerical computations (Akamatsu et al., 2016) , Al2O3-water nanofluids were assumed to be a single-phase (homogeneous) fluid, due to the extremely tiny particles and very low volume fraction of the suspended nanoparticles, even though nanofluids are a mixture in which nanoparticles are dispersed in a base fluid. Consequently, the computed natural convective heat transfer characteristics in the vertical cylindrical container agreed qualitatively with the experimental results reported by Li and Peterson (2010) . Therefore, in the present numerical computations, we again adopt the assumption of a single-phase fluid to estimate the natural convective heat transfer characteristics of the Rayleigh-Benard convection in a shallow vertical cylindrical enclosure filled with nanofluid. Equations (1)-(5) below are the nondimensionalized governing equations in the cylindrical coordinates.
The equation of continuity can be expressed as:
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Meanwhile, the momentum equation in the circumferential direction can be expressed as:
And the momentum equation in the axial direction can be expressed as:
Finally, the energy equation can be expressed as: ( 5 ) The above governing equations were nondimensionalized by using the following dimensionless variables.
The nondimensional parameters governing the present heat transfer phenomenon are the Prandtl number Prf and the Rayleigh number Raf. We note that these parameters are defined by the thermophysical properties of water, which is a base fluid.
The reference values were defined as follows. The thermophysical properties of water as a base fluid were also used in terms of time, velocity, and pressure.
(7)
The model system considered in the present numerical computations is shown in Fig. 1 . The shallow vertical cylindrical enclosure with an aspect ratio of 10 (= diameter / height) was filled with pure water or Al2O3-water nanofluids. These fluids were isothermally heated from below and cooled from above, while the sidewall was thermally insulated. Both fluids were assumed to be Newtonian and incompressible, with laminar flows. We assumed an idealized situation in which the base fluid and nanoparticles are in thermal equilibrium, and no slip occurs between the two media (Wang et al., 2014; Mahmoudi and Abu-Nada, 2013; Abu-Nada, 2011; Akamatsu et al., 2016) . The initial conditions were set as follows.
As shown in Fig. 1 , the following boundary conditions were imposed in the shallow vertical cylindrical enclosure.
The nondimensionalized governing equations, that is, Eqs. (1)- (5), were numerically solved using a finite difference method. The convection term was approximated by the UTOPIA scheme (Leonard, 1981) , which is one of the third-order upwinding schemes. The diffusion term was approximated using a fourth-order central difference method. For the immediate vicinity of the enclosure and the centerline, both convection and diffusion terms were solved by the secondorder central difference method. The calculation algorithm of the pressure term was solved using the HSMAC method (Hirt and Cook, 1972) . The domain within the cylindrical enclosure was divided into small staggered meshes: 40 in the radial direction, 36 in the circumferential direction, and 16 in the axial direction, with nonuniform intervals. The radial velocity component at the radial center was solved by the technique developed by Ozoe and Toh (1998) . A grid independence study has been performed to check the sensitivity of the present program code to the grid size in our previous studies (Akamatsu et al., 2015 (Akamatsu et al., , 2016 . The present numerical solution has been further validated for the case of Czochralski melt numerically and experimentally (Akamatsu et al., 2001; Ozoe, 2005) .
In the present numerical computations, the average Nusselt numbers on the heated wall and cooled wall were defined as follows. Equation (12) Khanafer and Vafai (2011) developed a correlation for the effective density of Al2O3-water nanofluids using the experimental data of Ho et al. (2010) as a function of temperature and volume fraction of nanoparticles, as shown in Eq. (14). (14) In the literature (Khanafer and Vafai, 2011) , the effective specific heat capacity of nanofluids assuming thermal equilibrium between the nanoparticles and the base fluid phase was determined as shown in Eq. (15). (15) Based on the data presented in Ho et al. (2010) , a correlation for the effective thermal expansion coefficient of Al2O3-water nanofluids as a function of temperature and volume fraction of nanoparticles was developed, as shown in Eq. (16) (Khanafer and Vafai, 2011 
Thermophysical properties
The developed effective thermal conductivity of Al2O3-water nanofluids was expressed in terms of nanoparticle diameter, volume fraction, water viscosity, effective viscosity of the nanofluids, and temperature, using available experimental data, as shown in Eq. (18) (Khanafer and Vafai, 2011 
The present study used the experimental correlation equations shown in Eqs. (14)- (18) to calculate the thermophysical properties of Al2O3-water nanofluids. Table 1 shows the thermophysical properties of water (Japan Society of Thermophysical Properties, 2008; Gebhart et al., 1988) and Al2O3 nanoparticles 
Although the experimental correlation equations depend on volume fraction, temperature, and nanoparticle diameter, the temperature of Al2O3-water nanofluids were assumed to be δ = 26.85 ℃, i.e., the medium temperature (θ0 = 300 K) between the heated wall temperature and the cooled wall temperature. The volume fraction of Al2O3 nanoparticles was varied in the range from φp = 0 to φp = 0.04. Furthermore, nanoparticle diameter was assumed to be either 50 or 100 nm. Figure 2 shows the variation in the ratio of the thermophysical properties of Al2O3-water nanofluids to that of water with various volume fractions of Al2O3 nanoparticles. The thermophysical properties of nanofluids were calculated by Eqs. (14)- (18), while for water we used those listed in Table 1 . Thermo-physical property ratios of nanofluids to water are computed and plotted in Fig.2 except those of density which are inversely plotted for the purpose of graph clarity. The open squares indicate nanofluids dispersed with 50-nm diameter nanoparticles, while the open triangles show nanofluids dispersed with 100-nm diameter nanoparticles. The kinematic viscosity ratios, thermal diffusivity ratios, and thermal conductivity ratios are more than unity for a given volume fraction. In other words, the effective kinematic Akamatsu, Izawa, Kawamura, Iwamoto and Ozoe, Journal of Thermal Science and Technology, Vol.12, No.2 (2017) viscosity, effective thermal diffusivity, and effective thermal conductivity of nanofluids are larger than those of water. Although the density ratios are less than unity, the effective density of nanofluids is also larger than the density of water. The thermal expansion coefficient ratios are less than unity for a given volume fraction. That is, only the effective thermal expansion coefficient of nanofluids is smaller than that of water. Next, the density ratio shown in Fig. 2 was multiplied by the pressure term of the momentum equation as shown in Eqs. (2), (3), and (4). The kinematic viscosity ratio was multiplied by the diffusion term in Eqs. (2), (3), and (4). The thermal expansion coefficient ratio was multiplied by the buoyancy force term in Eq. (4), while the thermal diffusivity ratio was multiplied by the diffusion term of the energy equation shown in Eq. (5). If the volume fraction of Al2O3 nanoparticles is decided as a numerical condition, the corresponding value for each ratio is substituted for each term according to the relationship in Fig. 2 . Note that the Boussinesq approximation is adopted in these numerical computations. Therefore, the thermophysical properties of Al2O3-water nanofluids and water were computed for a given value of fluid temperature δ but the density was treated depending on temperature. Figure 3 shows the average Nusselt numbers on the heated wall computed for the Rayleigh-Benard convection of water or Al2O3-water nanofluids vs. the Rayleigh number defined by the thermophysical properties of water (Raf in Eq. (6)) in comparison with the average Nusselt number curve reported by Silveston (1958) . Figures 3(a) and 3(b) are for nanofluids dispersed with (a) 50-nm or (b) 100-nm nanoparticles, respectively. These average Nusselt numbers were calculated from Eq. (12). The Raf was varied from 10 3 to 10 4 at every 1000. The volume fraction of nanoparticles was varied betweenφp = 0 andφp = 0.04. Under all numerical conditions, the velocity and temperature fields reached constant values over the long term.
Results and discussion
We summarize the numerical results at the steady state. In Fig. 3 , the closed circles indicate the Rayleigh-Benard convection of water, i.e., φp = 0. The average Nusselt numbers computed for each Raf were in good agreement with experiments by Silveston (1958) . Furthermore, we clarified that the energy balance in the system was almost maintained, since the average Nusselt number on the heated wall corresponded with that on the cooled wall in the range of ±0.4% for a given Raf . From these numerical results for the Rayleigh-Benard convection of water, we consider that the validity of the present numerical computation program was confirmed. When the volume fraction was increased fromφp = 0 toφp = 0.04 at the same Raf, the average Nusselt number of the Rayleigh-Benard convection of nanofluids gradually decreased compared with that of water. For Raf = 2000, the average Nusselt numbers of nanofluids denoted unity regardless of volume fraction and nanoparticle diameter; that is, the thermal energy was transferred by pure conduction. For Raf = 1000, convection was not induced at any volume fraction regardless of nanoparticle diameter. Furthermore, the onset of convection for nanofluids was delayed compared with that for pure water as volume fraction increased, independent of nanoparticle diameter. In other words, the critical Rayleigh number for nanofluids becomes larger than that of a general fluid such as water, ethylene glycol, and silicone oil. Figure 4 shows the non-axisymmetric temperature distributions formed in a vertical cross-section at a steady state for different Rayleigh numbers and volume fractions. The left column shows those for Raf = 10000; the right column Vol.12, No.2 (2017) shows those for Raf = 3000. The diameter of nanoparticles is 50-nm. The upward flow corresponds to the hightemperature plume. The downward flow corresponds to the low-temperature plume. As shown in Eqs. (9)- (11), an axially symmetric flow was not presumed in the shallow vertical cylindrical enclosure, so that fully three-dimensional results can be expected. Actually, our previous studies (Akamatsu et al., 1997 (Akamatsu et al., , 2014 have clarified that the development of a circumferential velocity component enhances the asymmetry of temperature and velocity fields in vertical and horizontal cross-sections. In the present study, we observed that the axial symmetry of temperature and velocity fields collapsed by the development of a circumferential velocity again. As shown in Fig. 3 , the Rayleigh-Benard convection of nanofluids was suppressed with the increase of the volume fraction of nanoparticles than that of water for each Raf. Although the temperature distributions of nanofluids (φp = 0.01 toφp = 0.04) were a little different from those of water (φp = 0.00) for Raf = 10000, they remained almost the same even if the volume fraction increased. The width of the low-temperature and high-temperature plumes becomes slightly larger with the increase of the volume fraction. This is because the Rayleigh-Benard convection of nanofluids becomes slightly weaker compared with that of water. As a result, the thermal boundary layer of nanofluids becomes slightly thicker than that of water near the hot and cold plates. Conversely, for Raf = 3000 the temperature distributions of nanofluids were markedly different from that of water. That is, the upward and downward flows for nanofluids gradually vanished with the increase of the volume fraction. Benard convection of nanofluids almost agreed with Silveston's experimental data. Although the critical Rayleigh number is about Raf ≈ 1700 for a general fluid such as water, the onset of Rayleigh-Benard convection of nanofluids is also about Ranf ≈ 1700, independent of the volume fraction and nanoparticle diameter. Figure 6(b) shows the ratio of Ranf to Raf vs. the volume fraction of nanoparticles. This ratio depends only on the physical properties, independent of the height of a shallow vertical cylindrical enclosure and the temperature difference. The Rayleigh number ratio decreases with the increase of volume fraction. Those for 50 nm are slightly smaller than those for 100 nm.
In the momentum equation, the buoyancy force term of Eq. (4) depends on . The thermal expansion coefficient ratio decreases with the increase of volume fraction, as shown in Fig. 2 . That is, the influence of the buoyancy force term decreases with the increase of volume fraction. As a result, the Rayleigh-Benard convection of the nanofluid becomes weaker by both the increase of the viscous force and decrease of the buoyancy force compared with that of water. Therefore, when the average Nusselt numbers of nanofluids are estimated by Raf, they are plotted below the average Nusselt number curve reported by Silveston (1958) . However, when the average Nusselt numbers of nanofluids are estimated by Ranf, those of nanofluids can be successfully plotted on the average Nusselt number curve, since Ranf also becomes smaller than Raf with the decrease of the average Nusselt number. Our numerical results suggest that the Akamatsu, Izawa, Kawamura, Iwamoto and Ozoe, Journal of Thermal Science and Technology, Vol.12, No.2 (2017) natural convection heat transfer characteristics of nanofluids can be considered to be similar to the general fluids reported by Silveston (1958) . Figure 7 shows the ratio of the heat transfer rate of nanofluids Qnf to that of water Qf vs. the volume fraction of nanoparticles. Figures 7(a) and (b) are for (a) 50-nm or (b) 100-nm diameter, respectively. These ratios are calculated from Eq. (13). Those computed for Raf from 2000 to 10000 became less than unity, whereas those computed for Raf = 1000 became more than unity. When the volume fraction is the same, the Qnf / Qf computed for Raf = 3000 was the smallest, and the Qnf / Qf then gradually rises with the increase of Raf, except for those computed for Raf = 1000 and 2000. The decrease of the computed convective heat transfer rate of nanofluids qualitatively agreed with the experimental results reported by Li and Peterson (2010) . Those for Raf = 1000 show the ratio of the conductive heat transfer rate of nanofluids to that of water, since convection is not generated. Therefore, the cause of the increase of Qnf / Qf for Raf = 1000 derives from the increase of thermal conductivity for the dispersed nanoparticles of 50-or 100-nm diameter shown in Fig. 2 . While those for Raf = 2000 show the ratio of the conductive heat transfer rate of nanofluids to the convective heat transfer rate of water. For Raf = 2000, the Qnf / Qf decreased between φp = 0 and φp = 0.01, because the convective heat transfer rate of water was larger than the conductive heat transfer rate of nanofluids. However, the increase of Qnf / Qf fromφp = 0.01 are also caused by the increase of thermal conductivity of the nanofluids. (a) (b) Fig. 7 The ratio of the heat transfer rate of nanofluids Qnf to that of water Qf vs. the volume fraction of nanoparticles. Nanofluids are dispersed with (a) 50-nm or (b) 100-nm diameter nanoparticles.
Conclusions
In this numerical study, we investigated the natural convective heat transfer characteristics of the Rayleigh-Benard convection of Al2O3-water nanofluids generated in a shallow vertical cylindrical enclosure by transient 3-D numerical computations in detail. The thermophysical properties of nanofluid-dispersed nanoparticles with a diameter of 50 or 100 0 0.01 0.02 0.03 0.04 0.6
